Let p be an odd prime. A graph is called a bi-p-metacirculant on a metacyclic p-group H if admits a metacyclic p-group H of automorphisms acting semiregularly on its vertices with two orbits. A bi-p-metacirculant on a group H is said to be abelian or non-abelian according to whether or not H is abelian.
Introduction
Given a group H, let R, L and S be three subsets of H such that R −1 = R, L −1 = L and R ∪ L does not contain the identity element of H. The bi-Cayley graph over H with respect to the triple (R, L, S), denoted by BiCay(H, R, L, S), is the graph having vertex set the union H 0 ∪ H 1 of two copies of H, and edges of the form {h 0 , (xh) 0 }, {h 1 , (yh) 1 } and {h 0 , (zh) 1 } with x ∈ R, y ∈ L, z ∈ S and h 0 ∈ H 0 , h 1 ∈ H 1 representing a given h ∈ H. It is easy to see that a graph is a bi-Cayley graph over a group H if and only if it admits H as a semiregular automorphism group with two orbits. Let Γ = BiCay(H, R, L, S). For g ∈ H, define a permutation R(g) on the vertices of Γ by the rule h
(ii) Σ r = BiCay(H r , ∅, ∅, {1, b, b −1 a}),
where r is a positive integer.
Remark 1.4. The graphs Γ r and Σ r are actually those graphs what we have found in [19] . By [19] , Γ r is semisymmetric while Σ r is symmetric. To the best of our knowledge, the graphs Γ r form the first known infinite family of cubic semisymmetric graphs of order twice a power of 3.
From the above theorem and [19, Theorem 1], we may immediately obtain the following result which gives a solution of Problem 1.1. Corollary 1.5. Let p be an odd prime. A connected cubic non-abelian bi-p-metacirculant is edge-transitive if and only if it is isomorphic to one the graphs given in Theorem 1.3. Remark 1.6. The classification of cubic edge-transitive bi-Cayley graphs on abelian groups has been given in [10, 23] . So our result actually completes the classification of all cubic edge-transitive bi-p-metacirculants for each odd prime p.
Preliminaries

Definitions and notation
Throughout this paper, groups are assumed to be finite, and graphs are assumed to be finite, connected, simple and undirected. For the group-theoretic and the graph-theoretic terminology not defined here we refer the reader to [4, 21] .
Let G be a permutation group on a set Ω and take α ∈ Ω. The stabilizer G α of α in G is the subgroup of G fixing the point α. The group G is said to be semiregular on Ω if G α = 1 for every α ∈ Ω and regular if G is transitive and semiregular.
For a positive integer n, denote by Z n the cyclic group of order n and by Z * n the multiplicative group of Z n consisting of numbers coprime to n. For a finite group G, the full automorphism group and the derived subgroup of G will be denoted by Aut(G) and G , respectively. Denote by exp(G) the exponent of G. For any x ∈ G, denote by o(x) the order of x. For two groups M and N , N M denotes a semidirect product of N by M . A non-abelian group is called an inner-abelian group if all of its proper subgroups are abelian.
For a graph Γ, we denote by V (Γ) the set of all vertices of Γ, by E(Γ) the set of all edges of Γ, by A(Γ) the set of all arcs of Γ, and by Aut(Γ) the full automorphism group of Γ. For u, v ∈ V (Γ), denote by {u, v} the edge incident to u and v in Γ. If a subgroup G of Aut(Γ) acts transitively on V (Γ), E(Γ) or A(Γ), we say that Γ is G-vertex-transitive, G-edge-transitive or G-arc-transitive, respectively. In the special case when G = Aut(Γ) we say that Γ is vertex-transitive, edge-transitive or arc-transitive, respectively. An arctransitive graph is also called a symmetric graph. A graph Γ is said to be semisymmetric if Γ is regular and is edge-but not vertex-transitive.
Quotient graph
Let Γ be a connected graph with an edge-transitive group G of automorphisms and let N be a normal subgroup of G. The quotient graph Γ N of Γ relative to N is defined as the graph with vertices the orbits of N on V (Γ) and with two orbits adjacent if there exists an edge in Γ between the vertices lying in those two orbits. Below we introduce two propositions of which the first is a result of [15, Theorem 9] . Proposition 2.1. Let p be an odd prime and Γ be a graph of valency p, and let G ≤ Aut(Γ) be arc-transitive on Γ. Then G is an s-arc-regular subgroup of Aut(Γ) for some integer s. If N G has more than two orbits in V (Γ), then N is semiregular on V (Γ), Γ N is a symmetric graph of valency p with G/N as an s-arc-regular subgroup of automorphisms.
In view of [16, Lemma 3 .2], we have the following proposition. Proposition 2.2. Let p be an odd prime and Γ be a graph of valency p, and let G ≤ Aut(Γ) be transitive on E(Γ) but intransitive on V (Γ). Then Γ is a bipartite graph with two partition sets, say V 0 and V 1 . If N G is intransitive on each of V 0 and V 1 , then N is semiregular on V (Γ), Γ N is a graph of valency p with G/N as an edge-but not vertextransitive group of automorphisms. (1) H is generated by R ∪ L ∪ S.
Bi-Cayley graphs
(2) Up to graph isomorphism, S can be chosen to contain the identity of H.
Let Γ = BiCay(H, R, L, S) be a bi-Cayley graph over a group H. Recall that for each g ∈ H, R(g) is a permutation on V (Γ) defined by the rule
and R(H) = {R(g) | g ∈ H} ≤ Aut(Γ). For an automorphism α of H and x, y, g ∈ H, define two permutations on V (Γ) = H 0 ∪ H 1 as following:
Proposition 2.4 ([24, Theorem 3.4])
. Let Γ = BiCay(H, R, L, S) be a connected biCayley graph over the group H. Then N Aut(Γ) (R(H)) = R(H) F if I = ∅ and N Aut(Γ) (R(H)) = R(H) F, δ α,x,y if I = ∅ and δ α,x,y ∈ I. Furthermore, for any δ α,x,y ∈ I, we have the following:
(1) R(H), δ α,x,y acts transitively on V (Γ);
(2) if α has order 2 and x = y = 1, then Γ is isomorphic to the Cayley graph Cay(H, R ∪ αS), whereH = H α .
3 Some basic properties of metacyclic p-groups
In this section, we will give some properties of metacyclic p-groups.
Proposition 3.1. Any metacyclic p-group G (p an odd prime) has the following presentation:
where r, s, t, u are non-negative integers with u ≤ r. Different values of the parameters r, s, t, u with the above conditions give non-isomorphic metacyclic p-groups. Furthermore, the following hold:
(1) If |G | = p n , then for any m ≥ n, we have
(2) For any positive integer k and for any x, y ∈ G,
Proof. By [22, Theorem 2.1], it suffices to prove the items (1) and (2) . Since G is cyclic, Lemma 3.2. Let p be an odd prime, and let H be a metacyclic p-group generated by a, b with the following defining relations:
where m, n, r are positive integers such that r < m ≤ n + r. Then the following hold:
(1) For any i ∈ Z p m , j ∈ Z p n , we have
(2) For any positive integer k and for any i ∈ Z p m , j ∈ Z p n , we have
(3) For any positive integers t, k and any element x of H, if x p 2t = 1, then
The subgroup of H of order p is one of the following groups: 
and so (3) holds. (Here for any integers N ≥ l ≥ 0, we denote by
It implies that H has p + 1 subgroups of order p. Furthermore, the subgroup of H of order p is one of the following groups:
as required.
Inner-abelian bi-p-metacirculants of valency p
In this section, we focus on edge-transitive bi-Cayley graphs over inner-abelian metacyclic p-groups of valency p. For convenience, a bi-Cayley graph over an inner-abelian metacyclic p-group is simply called an inner-abelian bi-p-metacirculant. In [19, Theorem 2], we gave a classification of cubic edge-transitive inner-abelian bip-metacirculants.
Proposition 4.1 ([19, Theorem 2])
. Let Γ be a connected cubic edge-transitive bi-Cayley graph over an inner-abelian metacyclic 3-group H. Then H ∼ = G r or H r , and Γ ∼ = Γ r or Σ r , where the groups G r , H r , and the graphs Γ r , Σ r are defined as in Theorem 1.3. In particular,
In this section, we shall prove the following theorem. Theorem 4.2. Let H be an inner-abelian metacyclic p-group with p an odd prime, and let Γ be a connected edge-transitive bi-Cayley graph over H of valency p. Then p = 3, and Γ is isomorphic to one of the graphs given in Theorem 1.3.
Two technical lemmas
Lemma 4.3. Let p be an odd prime and let Γ be a connected edge-transitive graph of valency p. If G ≤ Aut(Γ) is transitive on the edges of Γ, then for each v ∈ V (Γ),
Proof. Since G is transitive on the edges of Γ, for each v ∈ V (Γ), the order of a vertex stabilizer G v must be divisible by p. Suppose, by way of contradiction, that
contains an element α of order p. Note that each orbit of α has length either 1 or p. Since α fixes v and each vertex in Γ(v), the connectedness of Γ implies that each orbit of α has length 1, and so α = 1, a contradiction.
Lemma 4.4. Let H be a p-group with p an odd prime, and let Γ = BiCay(H, R, L, S) be a connected edge-transitive bi-Cayley graph of valency p. Then
Proof. Let A = Aut(Γ), and let P be a sylow p-subgroup of A such that R(H) ≤ P . Since Γ is edge-transitive, Lemma 4.3 gives that |A| = |R(H)| · p · m, where (p, m) = 1. It follows that |P | = p|R(H)|, and hence P ≤ N A (R(H)). Furthermore, for any e ∈ E(Γ), we have |A : A e | = |E(Γ)| = p|R(H)|, and so |A e | = m. It follows that P e = P ∩A e = 1, and hence |P :
Then N is transitive on the edges of Γ. Since R(H) N , the two orbits H 0 , H 1 of R(H) do not contain any edge of Γ, and so R = L = ∅. By Proposition 2.3, we may assume that 1 ∈ S. Since N is transitive on the edges of Γ and Γ has valency p, N 10 has an element σ α,h of order p for some α ∈ Aut(H) and 1 = h ∈ H. Furthermore, σ α,h cyclically permutes the elements in Γ(1 0 ). So we have
and h
For (2), without loss of generality, assume that
T is characteristic in R(H) and R(H)/T ∼ = Z p m−n . Propositions 2.1 and 2.2 implies that the quotient graph Γ T of Γ relative to T is a graph of valency p with N/T as an edge-transitive group of automorphisms. Clearly, R(H)/T is semiregular on V (Γ T ) with two orbits and R(H)/T N/T , so Γ T is a normal edge-transitive bi-Cayley graph over R(H)/T ∼ = Z p m−n of valency p.
So to complete the proof, it suffices to show that if
, and then
It follows that λ p ≡ 1 (mod p m ), and hence λ ≡ 1 (mod p). Let λ = kp + 1 for some integer k. Since m ≥ 2, we have
It follows that
,
A contradiction occurs.
Proof of Thorem 4.2
Throughout this subsection, we shall always let H be an inner-abelian metacyclic p-group with p an odd prime, and Γ be a connected edge-transitive bi-Cayley graph over H of valency p.
In view of Lemma 4.4(1) and since H is inner abelian, we may make the following assumption throughout this subsection.
Proof of Theorem 4.2. Suppose to the contrary that p > 3. Since H is an inner-abelian metacyclic p-group, by elementary group theory (see also [20] or [3, Lemma 65.2]), we may assume that
However, by the proof of Lemma 4.4, this is impossible.
where t ≥ 1. We shall show that this is impossible in Lemma 4.6.
where t ≥ 1. We shall show that this is impossible in Lemma 4.7.
Proof. Suppose to the contrary that p > 3. We first define the following four maps. Let
Observing that σ, γ, δ fixes the subgroup a setwise but τ does not, it follows that σ, γ, δ ∩ τ = 1, and hence |P | ≥ p 4t−1 . In view of [13, Theorem 2.8], Aut(H) has a normal Sylow p-subgroup of order p 4t−1 . It follows that P = σ, γ, δ, τ is the unique Sylow p-subgroup of Aut(H). In particular, we have P = γ δ σ τ .
Recall that S = {1, h, hh α , . . . , hh 
and aa β a
We assume that (3) and Proposition 3.1(1), we have
for some w, w ∈ 1 (H). Since Γ is connected, by Proposition 2.3, we have H = S ϕ . By Proposition 3.1(1), it follows that (l, p) = 1.
We shall finish the proof by the following steps.
Step 1: t > 1. Suppose to the contrary that t = 1.
. We shall first show that for any r ≥ 1,
By Equation (4.1) we have
So Equation (4.3) holds when r = 1. Now assume that r > 1 and
By a direct computation, we have 
So Equation 4.4 holds when
By induction, we have Equation (4.4).
Since p is a prime and p > 3, by Equation (4.4), we have
Step 2: A final contradiction Let 2 (H) = {x p 2 | x ∈ H}. Then 2 (H) ≤ Z(H). By Equation (4.1), we have
We shall first prove the following claim.
Claim. For any r ≥ 2, a 
for some 0 ∈ 2 (H). Then by Equations (4.5) and (4.6), we have
for some 2 ∈ 2 (H). Take c 2 , d 2 ∈ Z p such that 2m + f l + nl ≡ c 2 (mod p) and 2n + kl ≡ d 2 (mod p). If r = 2, then Claim is clearly true. Now assume that r > 2 and Claim holds for any positive integer less than r. Then
for some c r−1 , d r−1 ∈ Z p and r−1 ∈ 2 (H), and then
for some r ∈ 2 (H). Take c r , d r ∈ Z p such that c r−1 + 2f l + ld r−1 ≡ c r (mod p) and 2kl + d r−1 ≡ d r (mod p). By induction, we complete the proof of Claim.
Now by our Claim, we have
for some c p , d p ∈ Z p and p ∈ 2 (H). It follows that c p p + 2l ≡ 0 (mod p 2 ), a contradiction. This completes the proof of our lemma.
1+p and y 4 = ba. Since H is an inner-abelian metacyclic-p group, by Proposition 3.1 and a direct computation, we have o(
and it is direct to check that x i1 and y i1 have the same relations as do a and b, where i 1 ∈ {1, 2, 3, 4}. Moreover, for any i 1 ∈ {1, 2, 3, 4}, we have x i1 , y i1 = H. It follows that each of the above four maps induces an automorphism of H.
and o(τ ) = p t+1 . Moreover, we have γδ = δγ, δ −1 σδ = σ p+1 and γ −1 σγ = σ with (p + 1) ≡ 1 (mod p t+1 ). As both γ and δ fixes the subgroup a while σ does not, one has
Observing that σ, γ, δ fixes the subgroup b setwise but τ does not, it follows that σ, γ, δ ∩ τ = 1, and hence |P | ≥ p 4t+1 . In view of [13, Theorem 2.8], Aut(H) has a normal Sylow p-subgroup of order p 4t+1 . It follows that P = σ, γ, δ, τ is the unique Sylow p-subgroup of Aut(H). In particular, we have P = γ δ σ τ .
Recall that S = {1, h, hh α , . . . , hh
for some u ∈ Z p t+1 and v ∈ Z p t+1 . Since H = S , we obtain that o(h) = exp(H). It follows that (u, p) = 1. Then there exists u ∈ Z * 
Since o(β) = o(α) = p, we have β ∈ P . Assume that β = γ i δ j σ k τ l for some i, j, k ∈ Z p t and l ∈ Z p t+1 . Then by Lemma 3.2(2) - (3) and Proposition 3.1(1), we have
and then
for some w, w ∈ 1 (H). Since Γ ∼ = Γ is connected, we derive from Proposition 2.3 that H = S ϕ . By Proposition 3.1(1), it follows that (l, p) = 1. We shall finish the proof by the following steps.
Step 1: t > 1.
Suppose to the contrary that t = 1.
. We shall first show that for any r ≥ 1, By Equation (4.7), we have
Thus Equation (4.9) holds when r = 1. Now assume that r > 1 and
By a direct computation, we have By induction, we have Equation (4.9). Then by Equation (4.9), we have
Step 2: A final contradiction.
. By Equation (4.7), we have
We shall first prove the following claim. 
for some 0 ∈ 2 (H). Then by Equations (4.10) and (4.11), we have
kl R(H) ≤ P . From the proof of Lemma 4.4(1), we see that P is transitive on the edges of
where a = aH and b = bH . By Lemma 4.4(2), we have s + t = 0 or 1, and so (s, t) = (0, 0), (1, 0) or (0, 1). Let n = 2r +2s+u+t. We use induction on n. If n = 1 or 2, then H is clearly abelian, as desired. Assume n ≥ 3. Let N be a minimal normal subgroup of P and N ≤ R(H). Since H is metacyclic, we have
Since Q is characteristic in R(H) and R(H) is characteristic in R(H), R(H) P gives that Q P . By Lemma 3.2(4), each subgroup of R(H) of order p is contained in N . It follows that Q < N , contrary to the minimality of N . Thus N ∼ = Z p .
Consider the quotient graph Γ N of Γ corresponding to the orbits of N . Clearly, N is intransitive on both H 0 and H 1 , the two orbits of R(H) on V (Γ), and by Propositions 2.1 and 2.2, N is semiregular and Γ N is a graph of valency p with P/N as an edge-transitive group of automorphisms. Clearly, Γ N is a bi-Cayley graph over the group R(H)/N of order 2 · p n1 with n 1 < n. By induction, we have R(H)/N is either abelian or inner-
In what follows, we always assume that R(H)/N is inner-abelian, and for any element h ∈ H, we use h to denote hN . By Theorem 4.2, we have p = 3. Recall that (s, t) = (0, 0), (1, 0) or (0, 1).
Case 1: (s, t) = (0, 0). In this case, we have 
Recall that N ∼ = Z 3 and N ≤ R(H). By Lemma 3.2(4), N is one of the following four groups: x . Then x has order 3 r+u . We shall show that H/N has the following presentation:
, then we may take h = y. If N = y , then take h = yx 
= y If N = y , then take h = yx (2) - (3), we have
Clearly, in each case, we have
. So H/N always has the above presentation. Since R(H)/N is inner-abelian, by [20] 
and o(α) | 3. Suppose that α is trivial. Then h = g −1 , and then H = g , a contradiction. Thus, α has order 3. Assume that (g
we have g . Then
It follows that g (λ 2 +λ+1)·3 r = 1, and so 9 | λ 2 + λ + 1, a contradiction.
Case 2: (s, t) = (1, 0). In this case, we have
Let x = a and y = ba −1 . Since b
, by Proposition 3.1(2), we obtain that y
where r ≥ 1. If r = 1, then by MAGMA [5] , there is no cubic edge-transitive bi-Cayley graph over H, a contradiction. If r ≥ 2, then by Lemma 4.4(1), we have R = L = ∅. Assume that S = {1, g, h}. Since Γ is connected, by Proposition 2.3(1), we have H = S = g, h . It follows that o(g) = o(h) = exp(H) = 3 r+2 . By Lemma 4.4(1), there exists α ∈ Aut(H) such that g α = g −1 h, h α = g −1 and o(α) | 3. Suppose that α is trivial. Then h = g −1 , and then H = g , a contradiction. Thus, α has order 3. Note that
, then we may assume that (g
It follows that g It follows that −(i + j) ≡ ik (mod 9) and i ≡ jk (mod 9). Then −(jk + j) ≡ jk 2 (mod 9), and so j(1 + k + k 2 ) ≡ 0 (mod 9), forcing that 3 | j. Furthermore, since i ≡ jk (mod 9), we have 3 | i, a contradiction. Clearly, in each case, we have x h = x 1+3 r . So H/N always has the above presentation. Since R(H)/N is inner-abelian, by [20] Since R(H)/N is inner-abelian, by [20] 
